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Static and Dynamic Aeroelasticity of Advanced
Aircraft Wings Carrying External Stores

Frank H. Gern¤ and Liviu Librescu†

Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061-0219

A study of the static and dynamic aeroelasticity of aircraft wings carrying external stores is presented. The
wing structure is modeled as a laminated composite plate exhibiting � exibility in transverse shear and including
warping restraint effects. The relevant equations of motion and boundary conditions are obtained via Hamilton’s
variational principle and application of generalized function theory. To achieve a realistic representation of the
store in� uence on static and dynamic behavior of the system, static weights, as well as dynamic inertias of the
stores, are considered. For the problem at hand, three-dimensional strip theory aerodynamics is employed. The
obtained eigenvalue/boundary value problems are being solved by application of the extended Galerkin method.
The solution procedure is used to investigate the implications of external stores on static aeroelastic response,
divergence, free vibration, and � utter. Comparisons with the very few results highlighting the effects of underwing
and tip stores on � utter instability are carried out, and excellent agreements with the present predictions are
reported.

Nomenclature
a0 = sectional lift-curve slope
b = wing semichord length, c=2
C.k/ = Theodorsen function, F .k/ C iG.k/
c = wing chord length measured perpendicular

to the reference axis
E = in-plane Young’s modulus
E p = distance between center of gravity of store

and wing elastic axis, positive aft
F .m ;n/

i = generalized body forces of order .m; n/; Eq. (11)
f = frequency of oscillation
f2; g2 = displacementmeasures; Eq. (2a)
G 0; G12 = transverse shear modulus, in-plane shear modulus
g = gravity acceleration
h = plunging displacement, positive upward
I .m;n/ = generalized mass terms of order .m; n/; Eq. (11)
K p = pitching radius of gyration of the store about its

center of gravity
k = reduced frequency,!b=Vn D !b=.V cos 3)
L = sectional lift, positive upward
l = wing semispan measured along the reference axis
M = sectional aerodynamic torque about wing elastic axis,

positive nose up
NQ i j = modi� ed components of the elasticity tensor

qn = component of the dynamic pressure normal
to the reference axis, ½V 2

n =2
R = transverse shear � exibility parameter, E=G 0

T .m;n/

i j = generalized stress couples of order .m; n/; Eq. (10)
Ui = components of the three-dimensionaldisplacement

vector; Eq. (1)
V ; Vn = airstream velocity and its component normal

to the reference axis
x0 = elastic axis position measured from the reference

axis, positive aft
x1; x2; x3 = chordwise, spanwise, and transverse coordinate

normal to the midplane of the wing, respectively
±; ±D = variation operator, Dirac operator
" = E p=c
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´; ´w = x2=l, nondimensional spanwise location
of wing store

µ; µ0 = elastic twist angle, prescribed rigid-wing
angle of attack

3 = sweep angle of the reference axis, positive
for sweptback

¸; ¸F = speed parameter .V=b!h/, � utter speed
parameter .VF=b!h/

¹T ; ¹w = m tipstore=mwing; mwingstore=mwing

º = Poisson’s ratio
Ä; ÄF = frequency parameter, !=!h ; � utter frequency

parameter, !F =!h

! = circular frequency of oscillation
. /;2; . /0 = d. /=dx2; d. /=d´

Subscripts

S; W; T = stores, wing, tip store

Introduction

F UTURE design conceptsof civil and military aircraft are likely
to imply the achievement of extremely lightweight structural

con� gurations. With weight savings and performance gaining ever
increasing importance, the next generation of � ight vehicles will
exhibit increased structural � exibility.One outstandingexample for
the realizationof huge airframes exhibitinghigh � exibilityof wings
and fuselage is the new ultra high capacity aircraft (UHCA) envis-
aged to be realized by American and European commercial aircraft
manufacturers. With expected wing tip bending de� ections of up
to 3 m, the structural and aeroelastic design of UHCA becomes a
major and challenging problem.1

In addition, future advanced � ight vehicle structures are likely to
be fabricatedof advancedcompositematerials. In contrast to metal-
lic structures, their composite counterparts exhibit exotic features
whose effects on the aeroelasticbehaviorhave to be carefully inves-
tigated and perfectly understood. The possibilities of bene� cially
tailoring the aeroelastic properties of advanced wing structures by
the employment of composite materials have recently been pointed
out by some recognized aeroelasticians, e.g., Ref. 2, and were
successfully demonstrated by the development of the Grumman
X-29 forward swept wing aircraft. Nevertheless, nonclassical and
very often detrimental effects such as warping inhibition and trans-
verse shear � exibility of constituent materials are important effects
that have to be included in the structural model.3

Inasmuch as modern aircraft wings are very often designed to
carry external stores, this item has gained special importance in the
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considerationof wing aeroelasticity.In the case of transportaircraft,
these are mostly underwing carried stores such as large and heavy
engines, fuel tanks,or tip stores such aswinglets.4 Store attachments
to � ghter aircraftwings range within a wide variety of tank and mis-
sile con� gurations.5 Keeping in mind that the tremendousvariety of
store con� gurations and spanwise arrangements may dramatically
in� uence static and dynamic aeroelasticity of aircraft wings, the
study of this problem has received prominence only two decades
ago.6 Because it is known that pylon-mountedstores strongly in� u-
ence dynamic wing characteristics, the store pitching modes are of
special importance from an aeroelastic point of view.7 With store
pitching modes being in the proximity of the wing’s fundamen-
tal bending frequency, critical aeroelastic coupling of the modes
may occur, commonly referred to as wing-with-stores� utter. To the
authors’ knowledge, the major body of literature in this area is de-
voted to metallic wings, mainly unswept wing structures,5 – 9 with
few studies dealing with composite wings.10;11

These facts imply that reliable analysis and design of advanced
high-performance � ight vehicles necessitate the development of a
re� ned simulation model featuring the incorporation of a number
of important effects, such as anisotropyand nonhomogeneityof the
constituent composite materials, nonclassical effects exhibited by
advanced composite structures, and the presence of external stores
attached to the wing structure. To get pertinent information of the
in� uence of the mentioned effects and to determine the aeroelastic
capabilities of the design, parametric studies, which are essential
during the preliminary design phases of the � ight vehicle, have to
be conducted. The present work provides the basis for the accom-
plishment of such studies.

Structural Modeling
To investigatethe effectsof wing-mountedstoreson the aeroelas-

ticity of advanced aircraft wings, a comprehensivestructuralmodel
has been developed. Based on the concept of a shear deformable
plate-beam model, the wing structure is idealized as a laminated
composite plate, each constituent layer featuring different ply an-
gles, material, and thickness properties. The total number of layers
is N . The reference plane of the composite structure is selected to
coincidewith the plane interface between the two contiguouslayers
r and r C 1 .1 · r · N /. Its points are referred to a Cartesian sys-
tem of in-plane coordinates.x1; x2/. The coordinatex3 is normal to
the plane .x1; x2/, its positive direction being upward (Fig. 1). The
x1 and x2 coordinates are the chordwise and spanwise coordinates,
respectively,whereas the reference plane is de� ned by x3 D 0.

Fig. 1 Geometry of the swept composite wing carrying external stores.

The structural model is developed by postulating the chordwise
nondeformability, as well as the following representation of the
three-dimensionaldisplacement components:

U1.x1; x2; x3I t/ D u1.x1; x2I t/ C x3Ã1.x1; x2I t/ (1a)

U2.x1; x2; x3I t/ D u2.x1; x2I t/ C x3Ã2.x1; x2I t/ (1b)

U3.x1; x2; x3I t/ D u3.x1; x2I t/ (1c)

Here (u1; u2; u3 ) are the displacement components along the (x1,
x2; x3) coordinates and are associated with the points of the ref-
erence plane of the composite panel .x3 D 0/; Ã1 and Ã2 are the
angles of rotation of a line element originally normal to the ref-
erence plane about the axes x2 and x1, respectively, and t is the
time variable. Equations (1), well known in the modeling of shear
deformable plate and shell theories, correspond to the � rst-order
transverse shear deformation theory (see, e.g., Ref. 12). To reduce
the three-dimensionalproblemof the wing structureto an equivalent
one-dimensionalone, it is postulated that

Ã2.x1; x2I t/ D f2.x2I t/ C x1g2.x2I t/ (2a)

u3.x1; x2I t/ D h.x2I t/ ¡ .x1 ¡ x0/µ.x2I t/ (2b)

Equation (2b) describes the vertical displacementof a wing of rigid
cross sections,where h.x2I t/ is the plungingdisplacement(positive
upward) of the wing cross sections measured at the elastic axis,
located at x1 D x0 .´x0.x2//. As a result, Eqs. (1) become

U1 D x3µ.x2I t/ (3a)

U2 D u2.x2I t/ C x3[ f2.x2I t/ C x1g2.x2I t/] (3b)

U3 D h.x2I t/ ¡ .x1 ¡ x0/µ.x2I t/ (3c)

Consistent with Eqs. (3), the strain components ei j are13

e11 D U1;1 D 0 (4a)

e22 D U2;2 D u2;2 C x3. f2;2 C x1g2;2/ (4b)

°12 .´2e12/ D U1;2 C U2;1 D x3.µ;2 C g2/ (4c)

e33 D U3;3 D 0 (4d)

°13 .´2e13/ D U1;3 C U3;1 D 0 (4e)

°23 .´2e23/ D f2 C x1g2 C h ;2 ¡ x1µ;2 C .x0µ /;2 (4f)

In Eqs. (4) and in the forthcoming development, . /;i ´ @. /=@xi .
For f2 D ¡h;2 ¡ .x0µ/;2 and g2 D µ;2 , it results that °13 D °23 D 0,
which is consistent with the traditional assumption of an in� nite
stiffness of the wing structure in transverse shear (Kirchhoff’s
theory).

The relevant equations of motion and appropriateboundary con-
ditions are obtained via Hamilton’s variational principle and appli-
cation of generalized function theory to exactly consider the span-
wise location and properties of the attached stores. To achieve a
realistic representationof the store in� uence on static and dynamic
behaviorof the entire system, static weights, as well as dynamic in-
ertias of rigidly attached stores, are considered,yielding the energy
functional of a composite wing carrying external stores:

J D
t1

t0

.UW ¡ KW C AW ¡ KS C AS/ dt .5/

In Eq. (5) U is the strain energy, K the kinetic energy, and A the
potential energy of body and surface forces. The indices W and S
identify the af� liation of the various quantities to wing and external
stores,respectively.From the stationarycondition± J D 0, consistent
with Eq. (5) and adopting the Einstein summation convention, one
obtains
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± J D 0 D
t1

t0

dt ¡
¿

¾i j ±Ui; j d¿ C
¿

½.Hi ¡ RUi /±Ui d¿ C
Ä¾

¾i ±Ui dÄ

wing

C
s

l

0
±D x2 ¡ x .s/

2 ¡
¿s

½.s/ RU .s/

i ±U .s/

i d¿ C L.s/±h.s/ ¡ M.s/±µ .s/ C m.s/±U .s/

3 dx2

external stores

(6)

In Eq. (6), the superposeddots denote time derivatives.The terms
underscoredby a tilde are prescribedquantities.For a straightwing,
the pitchingangle µ .s/ of the stores coincideswith the wing pitching
angle µ . To consider swept wings, the three-dimensional displace-
ment quantities of the stores have to be referred to the wing coordi-
nate system to express the stores’ main inertia properties that are in
chordwise direction. This transformationyields

U .s/

1 D x3µ cos 3 ¡ u2 sin 3 ¡ x3. f2 C x1g2/ sin 3 (7a)

U .s/

2 D x3µ sin 3 C u2 cos 3 C x3. f2 C x1g2/ cos 3 (7b)

U .s/
3 D h ¡ .x ¡ x0/[µ cos 3 ¡ f2 sin 3 ¡ x1g2 sin3] (7c)

Employing the displacement and strain components from Eqs. (3)
and (4) and performing the indicated mathematical operations, the
explicit form of Eq. (6) for the case of a composite aircraft wing
carrying external stores is

± J D 0 D
t1

t0

dt
l

0

[A1±u2 C A2± f2 C A3±g2 C .A4 ¡ M/±µ C .A5 C L/±h] dx2 C A6

energy functional of the clean composite wing

¡
s

m.s/±D x2 ¡ x .s/

2 . Ru2 C x3
Rf2 C x1x3 Rg2/±u2 C x3 Ru2 C x2

3 C K 2.s/
p sin2 3 Rf2 C x1x2

3 C x1 K 2.s/
p sin 3 Rg2

¡ K 2.s/
p

Rµ sin 3 cos 3 ¡ E .s/
p

Rh sin 3 ± f2 C x1 x3 Ru2 C x2
3 C K 2.s/

p sin2 3 Rf2 C x1x2
3 C x1 K 2.s/

p sin 3 Rg2

¡ K 2.s/
p

Rµ sin 3 cos 3 ¡ E .s/
p

Rh sin 3 ±g2 C ¡K 2.s/
p

Rf2 sin 3 cos 3 ¡ x1 K 2.s/
p Rg2 sin 3 cos 3 C x2

3 C K 2.s/
p cos2 3 Rµ

C E .s/
p

Rh cos2 3 ±µ C ¡E .s/
p

Rf2 sin 3 ¡ x1 E .s/
p Rg2 sin 3 C E .s/

p
Rµ cos 3 C Rh ±h

kinetic energy of external stores

C
s

±D x2 ¡ x .s/
2 M.s/ sin 3± f2 C x1M.s/ sin 3±g2 ¡ M.s/ cos 3±µ C L.s/±h

aerodynamic forces acting on external stores

C
s

m.s/g±D x2 ¡ x .s/

2 E .s/
p sin 3± f2 C x1 E .s/

p sin 3±g2 ¡ E .s/
p cos 3±µ C ±h

potential energy of external stores

(8)

The coef� cients A1– A6 , displayed in Ref. 13, are provided for
completeness:

A1 D T .0;0/

22;2 C F .0;0/

2 ¡ I .0;0/ Ru2 ¡ I .0;1/ Rf2 ¡ I .1;1/ Rg2 (9a)

A2 D T .0;1/

22;2 ¡ T .0;0/

23 C F .0;1/

2 ¡ I .0;1/ Ru2 ¡ I .0;2/ Rf2 ¡ I .1;2/ Rg2

(9b)

A3 D T .1;1/

22;2 ¡T .0;1/

12 ¡T .1;0/

23 C F .1;1/

2 ¡ I .1;1/ Ru2 ¡ I .1;2/ Rf2 ¡ I .2;2/ Rg2

(9c)

A4 D T .0;1/

12;2 ¡ T .1;0/

23;2 C x0T .0;0/

23;2 C F .0;1/

1 ¡ F .1;0/

3 C x0 F .0;0/

3

¡ I .0;2/ C I .2;0/ ¡ 2x0 I .1;0/ C x2
0 I .0;0/ Rµ C I .1;0/ ¡ x0 I .0;0/ Rh

(9d)

A5 D T .0;0/

23;2 C F .0;0/

3 ¡ I .0;0/Rh C I .1;0/ ¡ x0 I .0;0/ Rµ (9e)

A6 D ¡ T .0;0/

22 ±u2
l

0
¡ T .0;1/

22 ± f2
l

0
¡ T .1;1/

22 ±g2
l

0
¡ T .0;0/

23 ±h
l

0

¡ T .0;1/

12 ¡ T .1;0/

23 C x0T .0;0/

23 ±µ
l

0
(9f)

In Eqs. (9), the one-dimensionalgeneralized stress couples and the
generalized body forces and mass terms of order .m; n/, measured
per unit span, are de� ned as

T .m;n/

i j .x2/ D
A

¾i j x
m
1 xn

3 dA (10)

F .m;n/

i .x2/

I .m ;n/.x2/
D

A
°

Hi

1
xm

1 xn
3 dA (11)

Collecting the terms associated with the respective variations ±u2,
± f2 , ±g2, ±µ , and±h, andkeepingin mind that thesevariationshave to

be arbitraryand independent,Eq. (8) yields the equations of motion
and boundaryconditions.From the stationarycondition± J D 0 con-
cerning each instant belonging to the interval [t0; t1], the equations
of motion result as

±u2: A1 C
s

±D x2 ¡ x .s/

2 ¡m.s/ Ru2 C x3
Rf2 C x1x3 Rg2 D 0

(12a)

± f2: A2 C
s

±D x2 ¡ x .s/

2 ¡m.s/ x3 Ru2

C x2
3 C K 2.s/

p sin2 3 Rf2 C x1x2
3 C x1 K 2.s/

p sin 3 Rg2

¡ K 2.s/
p

Rµ sin 3 cos 3 ¡ E .s/
p

Rh sin 3 C M.s/ sin 3

C m.s/gE .s/
p sin 3 D 0 (12b)
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±g2: A3 C
s

±D x2 ¡ x .s/

2 x1 ¡m.s/ x3 Ru2

C x2
3 C K 2.s/

p sin2 3 Rf2 C x1x2
3 C x1 K 2.s/

p sin 3 Rg2

¡ K 2.s/
p

Rµ sin 3 cos 3 ¡ E .s/
p

Rh sin 3 C M.s/ sin3

C m .s/gE .s/
p sin 3 D 0 (12c)

±µ : A4 C
s

±D x2 ¡ x .s/

2 ¡m .s/ ¡K 2.s/
p

Rf2 sin 3 cos 3

¡ x1 K 2.s/
p Rg2 sin 3 cos 3 C x2

3 C K 2.s/
p cos2 3 Rµ

C E .s/
p

Rh cos2 3 ¡ M.s/ cos 3 ¡ m.s/gE .s/
p cos3 D 0

(12d)

±h: A5 C
s

±D x2 ¡ x .s/

2 ¡m.s/ ¡E .s/
p

Rf2 sin3

¡ x1 E .s/
p Rg2 sin 3 C E .s/

p
Rµ cos 3 C Rh C L.s/ C m.s/g D 0

(12e)

In addition, the boundary conditions at the wing root and tip are
obtained. For a cantilevered wing, the boundary conditions at the
root .x2 D 0/ are purely geometrical:

u2 D u2 (13a)

f2 D f2 (13b)

g2 D g2 (13c)

µ D µ (13d)

h D h (13e)

For a clean wing tip (no tip store), the boundary conditionsat x2 D l
are purely statical:

±u2: T .0;0/

22 D T .0;0/

22 (14a)

± f2: T .0;1/

22 D T .0;1/

22 (14b)

±g2: T .1;1/

22 D T .1;1/

22 (14c)

±µ : T .0;1/
12 ¡ T .1;0/

23 D T .0;1/
12 ¡ T .1;0/

23 (14d)

±h: T .0;0/

23 D T .0;0/

23 (14e)

When considering a tip store, the boundary conditions at x2 D l
change to kinetic ones taking into account mass, inertia properties,
and aerodynamicsof the tip store,

±u2: T .0;0/

22 D ¡m.T / Ru2 C x3
Rf2 C x1x3 Rg2 (15a)

± f2: T .0;1/

22 D ¡m.T / x3 Ru2 C x2
3 C K 2.T /

p sin2 3 Rf2

C x1x2
3 C x1K 2.T /

p sin 3 Rg2 ¡ K 2.T /
p

Rµ sin 3 cos 3

¡ E .T /
p

Rh sin 3 C M.T / sin 3 C m.T /gE .T /
p sin 3 (15b)

±g2: T .1;1/

22 D x1 ¡m.T / x3 Ru2 C x2
3 C K 2.T /

p sin2 3 Rf2

C x1x2
3 C x1K 2.T /

p sin 3 Rg2 ¡ K 2.T /
p

Rµ sin 3 cos 3

¡ E .T /
p

Rh sin 3 C M.T / sin 3 C m.T /gE .T /
p sin 3 (15c)

±µ : T .0;1/

12 ¡ T .1;0/

23 C x0T .0;0/

23 D ¡m.T / ¡K 2.T /
p

Rf2 sin 3 cos 3

¡ x1 K 2.T /
p Rg2 sin 3 cos 3 C x2

3 C K 2.T /
p cos2 3 Rµ

C E .T /
p

Rh cos2 3 ¡ M.T / cos 3 ¡ m.T /gE .T /
p cos 3 (15d)

±h: T .0;0/

23 D ¡m.T / ¡E .T /
p

Rf2 sin 3 ¡ x1 E .T /
p Rg2 sin3

C E .T /
p

Rµ cos3 C Rh C L.T / C m.T /g (15e)

Equations (12–15), in conjunction with Eqs. (9–11), represent the
equations governing the aeroelastic equilibrium of advanced com-
positeaircraftwingsexhibitingtransverseshear� exibilityand warp-
ing inhibition. In addition, they include arbitrarily distributedexter-
nal stores in the spanwise and chordwisedirections,as well as store
aerodynamics.These equations, expressed in terms of the displace-
ment quantitiesu2.x2I t/, f2.x2I t/, g2.x2I t/, µ.x2I t/, and h.x2I t/,
yield a 10th-order governing system of ordinary differential equa-
tions. Upon discarding the in� uence of the in-plane components of
body forces F .0;0/

2 as well as in-plane rotatory and inertia terms,
i.e., I .0;0/ Ru2 , I .0;1/ Rf2, and I .1;1/ Rg2, then u2.x2I t/ can be expressed
in terms of f2.x2I t/, g2.x2I t/, µ.x2I t/, and h.x2I t/ and, therefore,
can be eliminated. In this way, the system can be equivalently re-
duced to an eighth-order differential equation system in terms of
f2.x2I t/, g2.x2I t/, µ.x2I t/, and h.x2I t/.

Constitutive Equations
The constitutiveequations relating the generalizedstress couples

T .m;n/

i j with the strain measures have been obtained in Ref. 13. To
establish trends and to study the basic aeroelastic behavior of the
structural con� guration, the wing was chosen to be fabricated of a
transversely isotropic material. For such a type of anisotropy, the
nonzero elastic coef� cients intervening in the expressions of the
stiffness quantities are

NQ11 D NQ22 D E=.1 ¡ º2/ (16a)

NQ12 D Eº=.1 ¡ º2/ (16b)

NQ66 D G12 ´
E

2.1 C º/
(16c)

Q44 D Q55 D G
0

(16d)

Because of their outstanding thermomechanical properties, mate-
rials featuring this type of anisotropy are likely to play a major
role in the constructionof supersonicand reusablehypersonic� ight
vehicles.14;15

Numerical Solution of the Static Aeroelastic System
Applying the extended Galerkin method for a numerical solution

of the problem, the displacement � eld is represented as the sum of
a � nite number of mode shape functions:

[ f2.´/; g2.´/; µ.´/; h.´/]T D
n

j D 1

[F j ; G j ; T j ; H j ]
T ¢ ´ j .17/

where ´ is the nondimensional spanwise coordinate .´ D x2=l/,
whereas F j , G j , T j , and H j are the modal amplitudes. Because
of the structural complexity of the model and to establish trends,
strip theory aerodynamicshave been employed. However, it should
be stressed that the applicationof the extended Galerkin method al-
lows a three-dimensionalintegrationof the aerodynamicforces and
moments along the wing span. Therefore, the sectional lift-curve
slope and aerodynamiccenter remain arbitrary and, thus, may vary
from section to section.

For the static case, the aerodynamic terms L and M representing
the sectional lift and aerodynamic torsional moment are expressed
as16

L.´/ D qnca0µeff (18a)

M.´/ D qncea0µeff (18b)

where qn D ½0V 2
n =2 D q cos2 3 is the dynamic pressure component

normal to the leading edge, and a0 ´ 2¼AR=.AR C 4 cos 3/ is the
lift-curve slope coef� cient corrected to include the effects of a � -
nite wing span and the wing sweep angle 3, where AR D 2l=c. In
Eq. (18), µeff is the effective sectional angle of attack given by

µeff D µ0 C µ ¡ 1
l

@h

@´
tan 3 .19/

With µ0 being the angle of attack of the rigid-wing structure,
Eq. (19) including aerodynamic bending/twist coupling describes
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the well-known wash-in and wash-out effects of swept-forwardand
swept-backwing con� gurations, respectively.Employing Eqs. (17–

19) in Eq. (8), an inhomogeneous matrix equation describing the
static aeroelastic response of the wing is obtained:

[A] ¢ [s] D [r] .20/

The matrix A is composed of the (real) stiffness matrix of the wing
but also contains the (real) aerodynamic in� uence quantities in
terms of the dynamic pressure qn , whereas s is the solution vec-
tor with s D [F1 ¢ ¢ ¢ Fn ; G1 ¢ ¢ ¢ Gn , T1 ¢ ¢ ¢ Tn ; H1 ¢ ¢ ¢ Hn ]T . The right-
hand vector r incorporates the inhomogeneous part of the aerody-
namic forces associated with the angle of attack of the rigid wing
and the in� uence of the external stores. To obtain the divergence
pressure, the determinant of matrix A has to be calculated, yield-
ing a characteristicpolynomial in qn . The smallest positivevalue of
qn ful� lling the condition det A D 0 represents the divergence pres-
sure .qn/div. Because there is no contribution of the external stores
to the matrix A, it now becomes evident that the in� uence of the
stores on the wing’s divergencespeed is immaterial. Figure 2 shows
calculated divergence pressures for two aspect ratios and selected
values of the transverse shear � exibility parameter R D E=G

0
. Re-

sults related to the static aeroelastic response of the clean wing
represented in terms of the ratio µeff=µ0 reveal that transverse shear
� exibility considerably affects the static response in the subcriti-
cal � ight regime, especially for the case of forward-swept wings.
Because identical results were previously obtained via the Laplace
transformmethod,13 they are not displayedhere. As a consequence,

Fig. 2 Variation of normal divergence pressure (qn )div vs sweep angle
K for different ratios of R = E/G 0 .

Fig. 3 Spanwise distribution of the normalized effective angle of at-
tack µeff/µ0 for different sweep angles K and selected ratios of ¹T =
mtipstore/mwing , where R = 100, AR = 6:16, and qn/(qn )div = 0:7.

Fig. 4 Spanwisedistributionof the normalizedeffective angle of attack
µeff=µ0 for different sweep angles K and selected ratios of "T = EP/c,
where R = 100, AR = 6:16, and qn/(qn )div = 0:7.

Fig. 5 Spanwise distribution of the normalized effective angle of at-
tack µeff /µ0 for different sweep angles K and selected ratios of ´W =
x2 wingstore/l, where R = 100, AR = 6:16, and qn/(qn )div = 0:7.

for the following investigations of the static aeroelastic behavior,
the transverseshear � exibilitymeasure was set to R D E=G

0 D 100.
Figure 3 shows the in� uence of a tip store in terms of ¹T D

m tipstore=mwing . Because of a decrease in the upward bending de� ec-
tioncausedby the storemass, the wash-in as well aswash-outeffects
are attenuated.To preventdynamic aeroelastic instability,the center
of gravity of the store usually is moved forward of the elastic axis
of the wing. For the static case, this results in a torsional moment
that tends to attenuate the wing’s static aeroelastic response. The
in� uence of this moment is most pronounced for straight wings.
For swept wings, it is split into a contribution to wing torsion and
bending (Fig. 4). The in� uence of the spanwise store location is
shown in Fig. 5 in terms of ´W D x2 wingstore=l.

Numerical Solution of the Dynamic Aeroelastic System
For simulationof the dynamic system, the unknown functionsare

represented as

[ f2.´I t/; g2.´I t/; µ .´I t/; h.´I t/]T

D
n

j D 1

[F j ; G j ; T j ; H j ]
T ¢ ´ j ¢ ei!t (21)
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In the dynamic case, the aerodynamicterms L and M, representing
the sectional lift and aerodynamic torsional moment, are expressed
as16

L.´; t/ D ¡¼½!2b3 h

b
Lhh C 1

l
@h

@´
Lhh0 C µ Lhµ C b

1
l

@µ

@´
Lhµ 0

(22a)

M.´; t/ D ¼½!2b4 h

b
Mµh C 1

l
@h

@´
Mµ h0 C µ Mµµ C b

1
l

@µ

@´
Mµµ 0

(22b)

In Eq. (22), Lhh ; Lhh 0 ; : : : ; Mµ µ 0 are the aerodynamic coef� cients
as displayed in Ref. 16. For the Theodorsen function C.k/, the
approximation given in Ref. 17 was used:

C.k/ D F.k/ C iG.k/

D 0:021573 C 0:210400k C 0:512607k2 C 0:500502k3

0:021508 C 0:251239k C 1:035378k2 C k3

¡ i
0:001995 C 0:327214k C 0:122397k2 C 0:000146k3

0:089318 C 0:934530k C 2:481481k2 C k3

(23)

with k the reduced frequency k D !b=Vn D !b=.V cos 3/. This � -
nally leads to a complex eigenvalue problem expressed in matrix
form as

[A] ¡ !2[B] D 0 .24/

where A is the (real) stiffness matrix of the wing and B is the (com-
plex) matrix representing the inertia terms of wing and external
stores, as well as the complex aerodynamic parameters. The real
part of the complex quantity ! represents the circular frequency
of oscillation, whereas its imaginary part is the damping factor ±.
The implemented solution methodology is based on the inversion
of matrix B and subsequent calculationof complex eigenvaluesand
eigenvectors of the system matrix AB¡1. The � utter speed is cal-
culated in a fast converging iteration process rendering zero the
imaginary (damping) part of the eigenvalues.Unlike in other mod-
els of similar structural complexity, the solution procedure neither
involves a trial and error process3;18 nor requires enforcement of
convergenceof the solution toward the � utter speed of the system.11

Free Vibration
The free vibration behavior of shear deformable wings carry-

ing external stores can be obtained as a byproduct of the dynamic
analysis described in the preceding section. For this purpose, the
air� ow speed was set equal to zero, rendering the inertia matrix B
real and stating a self-adjoint eigensystem with real eigenvalues.
The in� uence of the transverse shear � exibility of the material is
shown in Fig. 6. As is shown, neglecting transverse shear � exibility
in the case of composite materials leads to an overestimationof vi-
bration frequencies. Because of an external store on the wing, the

Fig. 6 In� uence of transverse shear � exibility in terms of R = E/G
0

on
vibration frequencies of � rst and second natural bending and torsional
modes.

Fig. 7 In� uence of dimensionless store mass on vibration frequencies
of � rst and second naturalbendingand torsionalmodesof a transversely
� exible wing, R = 100.

Fig. 8 In� uence of dimensionless tipstore mass ¹T and spanwise wing
store location ´w on vibration frequencies of � rst and second natural
bending modes, R = 100 and ¹W = 0:5.

vibration frequenciesare furtherdecreased.Figure 7 shows � rst and
second bendingand torsional frequencies for a transversely� exible
wing vs the store mass for three different spanwise store positions
´S D x2 store=l.

Figure 8 shows the vibration behavior of a wing carrying a wing
and a tip store. Vibration frequencies are lowered by increasing
the tip mass and moving outward the underwing store. However,
moving the wing store toward the node line of the second bending
mode results in an important increase of the vibration frequency
of this mode. As can be inferred from Fig. 8, the node line of the
second bending mode also is shifted outward by increasing the tip
mass. The � rst and second torsional vibration modes of the wing
exhibit a similar behavior. This trend is consistent with the one
experimentally obtained by Runyan and Sewall.19

Dynamic Aeroelastic Instability (Flutter)
For a nonzero air� ow speed, matrix B becomes complex caus-

ing the eigenvalues of the system to become complex quantities.
To verify the accuracy of the � utter analysis, comparisons for sev-
eral test cases were conducted.The � rst comparison was made with
Goland’s20 cantilevered wing of AR D 6:67 with the subsequently
appended correction of the results in Ref. 21. As shown in Table 1
(Refs. 10 and 20–22), the predictions provided by the present ap-
proach are in excellent agreement with Goland’s exact results. As
another test case, a straight wing of AR D 6:16 with attached tip
weights21 was investigated.In the calculations,two different chord-
wise positions of the center of gravity of the store were considered,
"T D 0:0 (case I) and "T D 0:1 (case II). The original � utter inves-
tigation in Ref. 21 included the free body motion of the fuselage,
which is not subjectof the presentcalculations.Nevertheless,� utter
speed predictionfor the � rst torsionalmode for cases I and II is very
accurate (Table 1).
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Table 1 Comparison of calculated � utter speeds for a uniform cantilevered wing of aspect ratio
6.67 (Refs. 20 and 21) and a uniform wing with tip weights of aspect ratio 6.16 (Ref. 21)

Program or Flutter speed, Flutter frequency,
reference Description km/h Hz

References 20 and 21 Exact analysis 494 11.25
Present Extended Galerkin method (n D 4) 492.3 12.06
Present Extended Galerkin method (n D 7) 493.6 12.02
COMBOF10 10 � nite difference stations 484.2 11.20
COMBOF10 25 � nite difference stations 483.1 11.27
SADSAM22 1 � nite element 447.1 ——
SADSAM22 10 � nite elements 472.5 ——
Reference 21 (case I) Exact analysis 1054 3.05
Present Extended Galerkin method (n D 4) 1057.8 3.45
Present Extended Galerkin method (n D 7) 1055.1 3.46
COMBOF10 31 � nite difference stations 1049 3.05
SADSAM22 10 � nite elements 1049 3.01
Reference 11 Exact analysis 1042.8 3.09
Reference 21 (case II) Exact analysis 826 3.05
Present Extended Galerkin method (n D 4) 836.3 3.30
Present Extended Galerkin method (n D 7) 835.8 3.26
COMBOF10 31 � nite difference stations 821 3.02
SADSAM22 10 � nite elements 837 3.00

Fig. 9 Frequency and damping of the fundamental aeroelastic modes
(� rst and second bending and torsion) vs � ight speed parameter ¸ =
V/b!h for Goland and Luke’s unswept wing21 including warping inhi-
bition, case I "T = 0:0.

Figure 9 shows frequencyand damping of the fundamental aero-
elastic modes (� rst and second bending and torsion) vs the � ight
speed for Goland and Luke’s21 unswept wing carrying a tip weight
(case I, "T D 0:0). Flutter occurs in the classicalway as binarybend-
ing/torsion � utter due to frequencycoalescenceand vanishingaero-
dynamic damping of the � rst torsional mode at a � ight speed of
1055 km/h. In Refs. 10 and 11, it was observed that the � rst bend-
ing branch interactswith the rigid-bodymode and � utters at an even
lower speed (994 km/h). Because free body motion of the fuselage
was discarded in this investigation, there is no such interaction,
and as a consequence, the � rst torsional mode yields the lowest
� utter speed. In the present calculations, warping inhibition of the
cantilevered wing structure is taken into account. For this reason,

Fig. 10 Effect of chordwise position of store center of gravity on � ut-
ter speed parameter ¸F = VF/b!h for a classical (R ! 0) and shear
deformable (R = 100) unswept wing: ² , Goland and Luke’s unswept
wing.21

� utter of the second bendingmode, which was observedby Housner
and Stein10 to be the most critical mode of instability (943 km/h),
occursat very high air speeds.11 Inclusionof the warping terms does
not in� uence the stabilitybehaviorof the � rst bendingand torsional
modes.

To emphasizethe in� uenceof thetransverseshear� exibilityof the
material on � utter behavior,Fig. 9 also shows frequencyand damp-
ing for the same structuralcon� guration,but exhibiting� exibilityin
transverse shear (R D E=G

0 D 100). Besides an important decrease
in structural damping for all modes, � utter speed is decreased by
more than 12% with respect to the structure featuring in� nite rigid-
ity in transverseshear (Kirchhoff’s theory, R D E=G 0 ! 0). For the
same wing, the in� uence of the chordwise position of the center of
gravity of the store was investigated. Figure 10 shows that, as the
location of the center of gravity of the store is moved aft ("T > 0:0),
the � utter speed drops signi� cantly. Moving the center of gravity of
the tip weight forward ("T < 0:0) dramatically increases the � utter
speed. The in� uence of the chordwise position of the store center
of gravity on the � utter frequency is much less pronounced.

Figures 11 and 12 show the variation of � utter speed and fre-
quencyvs the wing sweep angle 3. The trendof variationof the � ut-
ter speed,as shownin Fig. 11, is similarto theone in Refs. 11 and 23.
By attaching an external store of 70% of the wing mass (¹w D 0:7)
to the wing, located at 50% of the wing half-span (´W D 0:5), the
� utter speed is decreased, but shows the same trend of variation
with the sweep angle 3. From the static system, it was derived
that the divergence speed of the wing should not be in� uenced by
the attachment of external stores. As it can be seen from Fig. 11,
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Fig. 11 Effect of sweep angle K on � utter speed VF for a classical
(R ! 0) and shear deformable (R = 100) wing, ¹w = mwingstore/mwing,
´w = x2 wingstore/l: ² , Goland’s20 and Golandand Luke’s21 unswept wing.

Fig. 12 Effect of sweep angle K on � utter frequency fF for a classical
(R ! 0) and shear deformable (R = 100) wing, ¹w = mwingstore/mwing,
´w = x2 wingstore/l: ² , Goland’s20 and Golandand Luke’s21 unswept wing.

divergence and � utter speed of the wing coincide at a sweep angle
of 3 D ¡51 deg for both cases, ¹w D 0:7 and 0.0. In this case and
for even smaller sweep angles (3 < ¡51 deg) the solution of the
dynamic system also yields that frequency and damping of the � rst
torsional mode tend toward zero, thus indicating static aeroelastic
instability (divergence).

The results shown in Fig. 11 are not typical. For most structural
con� gurations, divergence is the critical mode of instability of a
forward-sweptwing. In the caseof Goland’s20 wing, due to the small
ratio of G J=E Ib D 0:101, � utter is also the more critical aeroelastic
instability mode for very high forward sweep angles. An identical
behavior was also observed by Lottati24 and is extended herein to a
wing carrying external stores and exhibiting � exibility in transverse
shear. Figure 12 indicates that the � utter frequency rapidly tends
toward zero when approachinga sweep angle of 3 D ¡51 deg. The
same behavior is exhibited by a transverse shear deformable wing
(R D 100).

Figure 13 shows the in� uence of the spanwise location of a wing
store for several mass ratios of ¹w D mwingstore=mwing and two trans-
verse shear � exibility ratios of R. Despite a higher overall level
of the � utter speed for the transversely rigid structure, it may be
dramatically reduced even for small ratios of ¹w . The � utter speed
drops as the store is moved from the base to the wing midspan,
then increases as the wing tip is approached. The observed behav-
ior is in excellent agreement with previously published results by
Runyan9 and with experimentalonesby RunyanandSewall.19 How-
ever, it should be stressed that the work in Refs. 9 and 19 was done
for unswept metallic wings. The presented model constitutes an
extension toward the consideration of composite swept-wing con-
� gurations.The decreasein � utter frequencyfor both cases is shown
in Fig. 14.

Ongoing activities are intended to evaluate the implications of
the free body motion of the fuselage, which in some instances may

Fig. 13 Effect of spanwise store location ´W on � utter speed VF
for classical (R ! 0) and shear deformable (R = 100) wings, ¹w =
mwingstore/mwing: ² , Goland’s20 and Goland and Luke’s21 unswept wing.

Fig. 14 Effect of spanwise store location ´W on � utter frequency
fF for classical (R ! 0) and shear deformable (R = 100) wings, ¹w =
mwingstore/mwing: ² , Goland’s20 and Goland and Luke’s21 unswept wing.

in� uence aeroelastic instability of forward-swept wings.25 This is-
sue will be approached in conjunction with the effects of external
stores. Inclusion of the free body motion has been shown in Ref. 26
by changing the geometrical boundary conditions at the wing root
into kinetic ones, taking into account mass and inertia of the fuse-
lage. In the present analysis, the stores are regarded to be rigidly
attached to the wing structure. Therefore, the consideration of py-
lon � exibility will be an important step toward a more realistic
representation of store in� uence on wing aeroelasticity. Although
the effects of store aerodynamics may be negligible in many cases,
some examples are presented by Turner27 for which store aerody-
namics may be signi� cant. As a result, store aerodynamicswill also
be incorporated in forthcoming works.

Conclusions
An encompassing structural model of composite aircraft wings

exhibitingtransverseshear� exibilityandwarpinginhibition,aswell
as incorporating arbitrarily distributed stores, was developed. The
model, intendedto be used in aeroelasticanalyses,has demonstrated
its applicability to study the static and dynamic aeroelasticity of
complex wing/store con� gurations. Results obtained for Goland’s
and for Goland and Luke’s wings via the extended Galerkin’s
method and employment of three-dimensionalstrip theory aerody-
namics show very good agreementwith solutionsgiven by other au-
thors and obtainedvia completelydifferentapproachessuch as exact
solution methodologies, � nite difference, and � nite element mod-
els. These results are also identi� ed in Figs. 10–14. The accuracy
of the model is underlined by comparison with theoretical and ex-
perimental results for unswept metallic wings.

The assumption of a non-shear deformable structure (R D E=G 0

! 0) underestimatessubcriticalaeroelastic twist and overestimates
vibration frequencies, divergence, and � utter speeds and frequen-
cies. For this reason, to obtain reliable results, transverse shear
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� exibility always has to be considered. The bene� cial effect of ex-
ternal stores on the wing’s static aeroelastic response consists of
attenuating the wash-in effect of forward-swept wings. Because di-
vergence is only in� uenced by wing stiffness parameters, the effect
of externalstoreson thedivergencespeedhas been shownto become
immaterial.

For free vibrationand � utter, store mass and locationhave a great
in� uence on natural frequencies, mode shapes, and � utter speed
and frequency. Depending on the wing/store con� guration, the im-
plications of external stores on � utter speed may be of bene� cial
or detrimental nature. As displayed in several � gures, this behavior
is also dramatically in� uenced by the transverse shear � exibility of
the wing structure.
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